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Formulas are developed to include the effect of anisotropic cxmttering

in critical-mass calculations by the spherical-harmonicmethod. These are ap-

plied to the apeoific case of a 25 sore surrounded by an infinite tungsten oar-

bide tamper. The results of tho calculation were found to be identical with

those obtained by usinK the transport oross seotion wherever equations der$ved

on the isotropio assumption indicated tho total oross seotion should appear.

By arguments based on the numorioal results it is shown that

transport oross section throughout will also be an extremely

when we have multiplying media. ‘
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EFFECT OF ANISOTROPIC SCATTERIJJGON CRXTIC.W=MASS CALCULATIONS

This report gives the results of oome investigationsconcerning the ef-
.

feet of anisotropic scattering on critical-ma6s calculations in tho on9-velocity-

group approximation. Until the advent of the S.Ii.M.(spherical-har,monicmethod)

it had been impossible to solve critical-mass problems exactly with tho inclusion

of anisotropic scattering. The recipe had been Kivon, thou~h, and mor@ or less

ju~tified, that the proper way to take this phenomenon into account was to use

the transport cross section wherever formulas derived assuming isotropio scatter-

ing had the total cross section occurring. U8iW, the S.H.M. it has proved pos-

sible to test the validity of the rooipe by giving an exaot solution, including

anisotropy, in the case of a 25 coro surrounded by a WC tamper. It is believed

that this caae is sufficiently typical to warrant a general conclusion about the

recipe for all titeresting oaees. Act.uLxlly,nwarical calculations wore made

only for the oritical case. However, by examining the results obtained it is

easy to draw inferences in the case of othor multiplication rates. The problem

was done in Ps rather than in a higher approximation, since it is known that for
.

the ratio of tamper to core oross sections considered, P3 gives a result accurate
I

to about l-1/2 percent. ldoreover,the primary aim was to seo the relative re--

sults of the transport recipe and the accurate solution, rather than to obtain,an

absolute figure.

In taking into account anisotropic scattering a prooodure complete).y

analogous to the ordinary application of the S.H.M.

equation is written in the form

,,.* ● ● ✎
● e ● ** ●*e *
● *e

● 9.*
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where n is the neutron densi~ as a function of

the total cross section per unit volumo; a6(a) is

volumo for scattering a neutron thrcuqh an angle

position and vol~oity; at ie

tho cross section por Unit

d por d(cos *). ~ isde-

fined as C08 G, where 0 is the angle between velocity and radius vectors.

Symbols used for other oro8s sections per unit volume are: uf, fission; ctr,

transportfiur, capture~ oi,

out primes these quantities

kamper. It should be noted

reciprocal length, and that

inelastic scattering; aes elastic scatt~ring. With-

refer tctthe core; with primes, they refer to the

that the dimension of the foregoing oross sections io

these croau aeotions equal

. given in experimental papers multiplied by N, where

per unit.volume.

Expand aa so that:

the cross

N i~ the

seotion usually

number of atoms

U6(CA)=~~ol(2.@l)/2]~PE(coa OL) , where the O“Os are constants.

angle which the volo,cityvector makes with the radius vector before

~ be the angle after collision. Similarly $’

before and after oollision.

where p=cof3e, p’ = 00f3e’,

With this change of variable:

J-at 0’ be the

collision and

and $E/are the azimuthal angle~

(2)

The addition theorem for Legendre polynomials tells us that, if

z =Xx’ -A=’YA=Y =Oscb

then

Fro(X)%(X’ ) cos mmPn(z) : Pn(Xj Pn(X’) ‘2m’l (“l)m W
: ~n+m+l) n
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Henoe ,

hi+ d

J i?n(C03 CQ)dm =27CP’+) q+’)
$

and

\

(4)

(5)

, ‘i=trt (actwlly our form is eAssume a time dependence of the for’snze %r- ~~

timf3units

oancelling

becomes:

have been taken so that v s 1). Substituting this time dependence~

factora

~(-) ‘:

..

Of egatrt, and introducing n= ; g2J?+l)/(2]~(r) P~(j4>Eq. (5)

(6)

Multiplying by P~(@d~and integrating from -1 to +1 there results the infinite

set of differential equat%ons;

: wf no Sog

where 50A ie the Kroneoker delta.

r
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For our purpooos P3 is sufficient and so we break off the sot at ~= 3. {When

the set is broken off at ~o, it is oalled the Pzo approximation.) This gives flor

.

tho equations:

t=O n; + (2n~/r) + c% no

.gs1 n~+2n~+ (6n#r) +

Q#.2 2n~ +3n~ + (12n3/r)

g,3 3n~ o (6n2/r) + 7~43

For convenience in comparing

=0

3cLln1=0

- (2n1/r) 45 d~ n~ = O

r13=o

our results with calculationf3not oxplioitly

in~luding anisotropy we will choose our units so that (atr)core = 1. In theso

units we have for the oore:

~zat’z-ao-wf”

% =at+~-afi ~::1, 2, 3.

Similar equations hold for the tamper where:

d;=u; +lf-u’i
L

~z0,1,2,3.

It is interesting to note that the transport recipe leads

equations but with ~ta having the following values;

%’~”f ~ : $- f%;=

d~ = lJ+l, i=l,2,3.
‘%

:Y+a;r

where
( Y

f in (v.l)of-r atr, and v = number of neutron8

Thus very little additional complication is introduced by

to exactly the same

emitted per fission.

taking ’anteotropyinto

SCcowl%. (In aotually applying the recipe it is customary to

Boltzmann equation in a form that can be obtained from (1) by

atr for ~t, zero for as, and utr(l~f) for ‘@f=)

start with the

the substitution

The asmunt of anisotropy and the form of a~ in the core and tamper m~.y

be seen in Figs. 1 and 2. These curvee were determined as follows: for 25 the
● 9 .00 ● ** ● .*. . ~

● ***. ●
● *

●

●: : ●:
::
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form was taken to correspond as closely as po~sible with cxperimontal values at

about 600 kev. The curve was tken normalized to Rive an elastic’transport cross

section of 3.75 barns - determined by Serber and Rarita to be tho likely one-

velocity-group value. Other constants of 25 employed werez af z 1.56 b$Irn6x N,

c$~z ~*1~ ~~rn~ x 3. or z 0.15 barns x N. These givo an f Of 0.39. The in-

elastic cross oacti,cmwas treated ES m additional spherically symmstric contri-

bution to the olaatic scattorinK orom eection. In the tamper the cros3 sections

were due to contributions from 1’,and C. The W was treated in exactly the &une

~Jayas the 25 - norma~izin~ (uelastic~traneportto 3.79 barne x N. For carbon,

tiphericallysymmetric scattering in the center-of~gravity system ww aseumod.

This seems a fairly reasonable resumption and

fitting very olosely to Manley$n experimental

of error of the experimental points. For the

and treated as spherically symmetric elastic.

~ivea a curve that, although not

values, does lie within the limits

WC, oi was taken ao 0.79 barns x N

Ur was 0.23 barns x N, Riving an

1“’ of -0.03. After determinin~ those constants all cross sections were converted

to units such that utr(25)(whicshwa~ 5.61 barns x N) had the valuo unity.’ v was

taken as 2.5.

Uoing these

following value~ are

figuree and fitting the as curve~ as well as possible the

obtained for.the coefficicmta ?2 (in barn6 x N).

= 5.05 t
Uo a. : 7.96

al : 1.153 U3’ : 0.611

02 = o●444 ‘2‘ : 0.277

a~ = 0,0992 a“~: -0.0598
0

Solving our differential equations subject to the requirements of

●* ●00 ●a* b ●*9 ●

finiteness at the ori$i$ ~$d @n#h~n#$. infinity we obtain; (where Al, A2, Bl,
● m ● *

●0 ●.: ●:. ..:... a.
BZ are ocmtants ~till tio~o$odxmn+~ed)o. UIICIAS$IFIEIJ

●’0● ● ● ●’09..
● ●00 ●-

●
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core:

no = (Al sin kl r 4 A2 sinh k2 r)/r

[

3 cosh k2r

~1

SA2 (:+*)
*2 sinh k~r ●’ —.

k2r
.

n3 z

+

l’amper:

:
‘o

‘1 =

n2 z

n3 :

wherei

[

1
‘4 *2 (~

(BI e“Vlr 4

a.. B1 e-V1r

‘ -+-) Co’h

B2 e-v2r)/r

-.-&C08

5 .)sinh
p

1klr

1

k2r

~2 e-v2r(2.+ 3, +--/--@
r V2/ V2r

C3 =

‘5 ‘

‘7 ‘
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kl is the abaolute value of the imaginary root, and k2

root. of:
[ 1@-3 40 q + (28/9) G$o@3 + (35/9) ~2 @3

WMsslm
is the positive, real

k2 + (35/3) L%o@f$@c3’ o

.

Equating the n.’s of core and tamper at r = a (a is the radius ‘f ‘he

core) give~ four homogeneous equations for the Ats and Y3’s. The condition that

these equations have a nontrivial solution is expressed by setting the determin-

ant of tho coefficients equal to zero. This, for specified z, gives U8 an

equation for the radius. Dividing column 1 of the determin~t by sin kla, CO~Umn

2 by sinh k2a, colupn 3 by e“vla, column 4 by e0v2a, mu2fAWiw r~~ ~ by as and

row 3 by 2 gives the following equation for a.
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Setting

enumerated above
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6 equal to zero ({:ritical)and usin~ the cross sections

the exact anisotropio solution yields: a : 1.427.+ 0.005 in

units of the transport mean free path of the core. Using tho transport recipe,

1.430 ~0.005 is obtained. That is, the two results are indistinguishable.

This extremely olose agreement is not surprising when the constants

entering into the calculation are

for the nt’s of the recipe method

oan, by comparing the various CL’S

examined. Putting the difforontial equations

and of the exact solution in tho form (8), we

seo by about ilowmuch the solutiono would be

expected to differ (the w’s are the only quantities in the two set8 of equations

which are not identical).

d Exaot Anisotropio Equatione Rooipe Equationa

‘o w- 0.3900 B- 0.3900

%
6+ 1.000 841

% if41.1258 6+1

9 &+ 1.1873 8+1

I d4 o.04~4 6+ 0.0414
‘o

~+ 1.3515
‘:

$+ 1.3515

d; Y+ 1.411 6+ 1.3615

=$
3

~+ 3.4711 8+ 1.3515

We note that the quantities to which the caloulatione are meet sensi-

‘ d’) are exactly ri~ht, while even tho higher 4’s (whiuh are in thetive (@o,ul,@os 1

nature of corrections themselves) aro never very far off. h fact it is eaOily

shown that tho equality found must bettrue in general. Thus for the exaet solu-

tion: ‘cl=a+u*-uo-”4af. tit

1
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This yields: Ut = Co + up + af and

The

and

or

S& g+c70+ar +cTf. cYo. wod .Mr+(l+)af
..

reoipe solution givee: do = ~ - f, but in our unite f z (V-l)af 0 ar

so: “ r + u~ + (1-y)af --’‘o - exactly the sana as above.

For al the oorrect solution gives:

0(1: at - al + d. 5=

h ●

This last i~ just the OLlgiwon by the recipe. Exactly similar oonsidera-.

tions prove that c$ and ti;are given oorreotly by the reoipe. (This is, of oourse,

the well-known result of differential diffusion theory.)

From the table useful information as to the results that would be ob=-

tained with titsgreater than zero (i.e., multiplying media) can be estimated. It

can be seen that with increasing d the percentage difference batween the two

aeta of constants decreases. This would indioate that for 8>0 it could be ex-

petted that the results

those found for 3 = O.

In concluding,

mioretrouble to inolude

obtained by the two methods would be even closer than

●

the following remarks oan be madd. It is buk slightly

angular dependonoe of the scattering cross section than

to leave it out.’ On the other hand, the simple recipe of substituting the tran~-

port cross section whenever the total cross section appears in the equations g~.ve8
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results that are identioal with the correct method for all praotiual purposen.

Certainly considering the accuracy with which other

critical-mass calculations, suoh as cross sections,

quantities involvod in

are known any error intro-

duced by using the eimple reoipe is completely negligible.

,
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