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Formulas are developed to include the offect of anisotropic scattering

in critical-mass calculations by the spherical<harmonic method.

plied to the specific case of a 25 core

bide tamper.

These arse ap-

surrounded by an infinite tungsten car-

The results of the calculations were found to be identical with

those obtained by using the transport cross secotion wherever equations derived

on the isotropic assumption indicated the total cross section should sppear.

By arguments based on the numeriocal results it is shown that the use of the

transport oross section throughout will alsc be an sxtremely good approximation

when we have multiplying media. '
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EFFECT OF ANISOTROPIC SCATTERING ON GRITICAL-MASS CALCULATIONS

This report gives the results of some investigations concerning the ef=
fect of anisotropic scattering on criticel-mass calculations in the one-velocity-
group approximation. Until the advent of the S.H.M. {spherical-harmonic method)
it had been impossible to solve critical~mass problems exactly with the inclusion
of anisotroplc scatteringe. The recipe had been given, though, snd more or less
Justified, that the proper way to take thié phenonenon into account was to use
the transport cross section wherever formilas derived assuming isotropic scatter-
ing had the total cross section occurring. Using the S.H.M. it has proved pos-
sible to test the validity of the roocipe by giving an exact solution, including
enisotropy, in the case of a 25 core surrounded by a WC tamper. It is believed
that this case is sufficiently typlecal to warrant a goneral conclusion about the
recipe for all interesting cases. Actually, numerical calculations wore made
only for the oritieal case. However, by examining the results obtained it is
easy to draw inferences in the cass of other multiplication rates. The problem
was done in Pz rather than in a higher epproximation, since it is known that for
the ratio of tamper to core coross ssctions considered, Pg gives a result accurate
to ;bout 1-L/2 percent. Moreover, the primary aim was to see the relative re-
sults of the transport recipe and the accurate solution, rather than to obteain an
absclute figure.

In teking into mccount anisotropic scattering a procedure completely

analogous to the ordinary applioation of the S.H.M. is followed. The Boltzmenn

equation is written in the form

0, p e (l‘P?)'éﬂ z ~0C + ! AL
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where n is the neutron density as a function of position and velocity; o is
the total cross section per unit volume; og(a) is the eross section per unit

volume for scattering & neutron thrcugh an angle o per d{cos o). oo is de=
fined as cos ©, where @ is the angle between velocity and radius vectors.

Symbols used for other oross sections per unit volume are: op, fissiony Oyp,
transport] oy, capture; o3, inelastic scattering; Ogs ©lastic acattéring. With~
out primes these quantities refor tc the core; with primes, they refer to the
tamper. It should be noted that the dimension of the foregoing oross sections is
reciprocal length, and that these cross sections equal the cross section usually
- given in experimental papers multiplied by N, where N is the number of atoms

per unit volume.
Expend o4 80 that:
N, ROT] ' ' '
ogla)= R‘E‘.ol‘(z.Pﬁl)/Z]qu(coa «) , where the o; s are conata.nts‘. Let ©' be the
angle which the velocity vector makes with the radius vector before collision and

© be the angle after collision. Similarly g' and 4 are the azimithal angles

before and after collision.

Then: cosot = p ! -\/,‘,2 -1 /wz Y

cos @ (2)

where .= cos @, P =008 0", 0= g - g,
With this change of variable;

2% g (@) of = ¢’+2'ng£ s

o &% ﬁ 271
The addition theorem for Legendre polynomials tells us that, if

Z=2xx' -/x2 -1 /X2 =1 cos &
then

Ba(2) = Py(X) Bp(x') + zm‘:';'l (-1)® .rﬁtl;.:ﬁ.}% #(x) P(x') cos ma (3)
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2n + 4
y By(cos «) dov = 270 B () Pp{p') '
and
21[9.#2.(.;’9. ad'= T e, B () B (1) (4)
o zn Tt 3% W A ot

With this simplification (3) becomes:

1
on , dn (1-pf) 3n _ vy 2 2041 o Ava s
v For x o ap TR [ M B R R e (5)
1
»f !
’ 2 J-ln *

Assume a time dependence of the fora naed oY (actually our form is R but

time units have been taken so that v z 1). Substituting this time dependence,

R ¥O4 ot . s | .
cencelling factors of e ~©r’, and introducing n = g;lgzﬂ,ﬂ)/(z)] ri(z') Pz(,;..), Eq. (5)

becomea:

" S dng i(?") * %@gn&(r)% + (o4 + Sogy) ?nﬁli (6)

o3
: Y0« T2 opngpy(w

Yultiplying by P,ﬂ(l")di" end integrating from <1 to 41 there results the infinite

set of differential equations:

1 1 {(ﬂ*l)(l#z')n_p_ﬂ 2(2=1)np_q
2241 [Qni"'l * (zﬂ)nhﬂ] * 2Z+1I_ r K r * (ot+(oo£)nL
‘ (7)
= Vo Dy SoL
where 50 T is the Kronecker delta.
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For our purposes Pz is sufficient and so we break off the sot at £ = 3. {hen
the set is broken off at .0,0, it is called the P&o approximetion.) This gives for
the equations:

0

£=0 ni + (an/r) + 0, 1,

g=1 n:'&Zné#(an/r)#Sollnl:O (8)

R=2 2nj + 3n; * (12n3/r) - (2n)/r) + 5 dy np= 0
£:z3  3ng - (6np/r) + 7 g ng = O

For convenience in comparing our results with calculations not oxplicitly
including anisotropy we will choose our units so that (ogp)eore = 1+ In these
units we have for the core:

o = Ig * [ =0g = vop

G; 20, + ) ~0g £ =1,2, 3.
Similar equations hold for the tamper where: ,

t

It is interesting to note that the transport recipe leads to exactly the same

d;::a'*?f° ii £4=0,1, 2, 3.

equations but with &'s having the following values:

o LI - [ P |
od, = ¥= 1 o 2 § = Llog,
di-_-b'#l,i:l,z.s. di:b’#o‘ér

where f is ((v=1)cf=or)/at,., and v = number of neutrons emitted per fission.
Thus very little additional complisation is introduced by taking anlsotropy into
account. (In actuvally epplying the recipe it is customary to start with the
Boltzmann equation in a form that can be obtained from (1) by the substitution of
O¢p for o, zero for og, and og.(1+f) for vor.)

The ameunt of enisotropy and the form of o4 in the core and tamper msy

be seen in Figs. 1 and 2. These curves were determined as follows: for 25 the
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form was taken to correspond as closely as possible with experimental values at
about 600 kev. The curve was then normalized to give an elastic transport cross
gection of 3.75 barns < determined by Serber and Rsrite to be the likely one-
veloclity-group value. Other constants of 25 employed were: oge = 1.56 barns x N,
03 = 0.15 barna X ¥, o, = 0.15 barns x N. These give an f of 0.39. The in-
olastic cross seciion was treated as an additional spherically symmstric contrie
bution to the olaastic scattering cross section. In the tamper the crosa sections
were due.to contributions from v and C. The ¥ was treated in exactly the same
way as the 25 = normaliszing (oelaStic)transport to 3.79 barns x N. For carbon,
spherically symmetric scattering in the center-of-gravity system was assumed.
This seeme a fairly reasonable ussumption and gives a curve that, although not
fitting very closely to Manley's experimental values, does lie within the limits
of orror of the experimental points. For the WC, o5 was taken as 0.78 barns x N
and treated as spherically symmetric elastic. o, was 0.23 barns x N, giving an
£! of =0.03. After determining these constants all cross sections were converted
to units such that 04;(25)(which was 5.61 barns x N) hod the value unity. v was
taken as 2.5.

Using these figures and fitting the og curves as well as possible the

following values are obtained for the coefficients /) {(in barns x N).

g, = 5.05 oyt = 7.96

oy = 1.153 oy' = 0.811
Oy = 0.444 o,' = 0.277
oz = 0.0992 cs‘: «0.0598

Solving our differential squations subject to the requirements of -

finiteness at the orzgly and vanl&h;np.d% infinity we obtsain: {where Ay» Ao, B1=

By are constants atill .to. 'ge. .dza‘f.e:‘rg:gge‘d.); UNBLASSIHE,
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f{eos k3r sin Kir Ao

klr k‘xz— [
ny - -:25—-2-) sin kyr +
LT Kyr ky

3 cosh

%) sinh kgr - or
2

ng = (k?,z

1
3kor
i 2

z (B V1 4 By o7 8% )/r

= B, e“ViT —— ) 4o
“ 1 (vlr vlr)

3
vlrz vz r3
1
3vyr

np z c5B1 o“vl"(}. -
2

r

53 3 chlr ( + —-z-—z

06 Bl Vll‘

+ cg Bp e~ver (

where:

ey =-[1 +(30m0)/0E))s
= feee)/0G) - 1
[(3«' V(2 - 1];
[((Sc:'u')/(v )= ];

€3
05 =

S ¢

3 cos klr]

kor
S e

1
k*r‘*) sin kyr - (?5-1-(—-

2
—Tz kor = + -}sinh kar
+ k‘zx‘s) cosh kgr (k§2r§ k%r':ﬁ-) 2

L

gsinh k2 r]

kzl‘ kg!‘d

" k‘ 3) cos kjr
1 J

-

0y = 29 = (5/2)c.'2 c,
eq = 205 = (5/2)p cg
og "{2“5 - (s/z)a*é cs]

ze [zmg - (8/2)0% c,,]

Cg
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kl is the absolute value of the imaginary root, and k2 is the positive, real
root, of: k& e[s <g Oty + (28/9) & g (35/9) o, “3] x® + (35/3) oo et = 0

v, and v, are the positive, real roots of:

1
4 . |z & ot K v Lt e 1 004 = 0.
v [o ot oty + (28/9) o of * (55/9) c osz’]v + (35/3) oL Sk €45 S 0]

Equating the np's of core and tamper at r = a (a is the radius of the
core) gives four homogeneous equatiocns for the A's and B's. The condition that
these equations have a nontrivial solution is expressed by setting the determin~
ant of the coefficients equal to zero. This, for spescified ¥, gives us an

equation for the radius. Dividing column 1 of the determinant by sin kja, column

-vla

=v2a

¢ by sinh kge, column 3 by e , Column 4 by & » multiplying row 1 by a, and

row 3 by 2 gives the following equation for a.
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Setting ¢ equal to zero ((:ritical) and using the cross sections.
enumerated above the cxact anisotropioc solution yields: a = 1.427 .2 0.005 in
units of the transport mcan free path of the cors. Using tho transport recipe,
1.430 + 0.005 is obtained. That is, the two results are indistinguishable.

This extremely close agreement is not surprising when the constants
entering into the calculation are examined. Putting the difforential equations
for the nﬂ's of the recipes method and of the exact solution in the form (8), we
can, by comparing the various «'s see by about how muc'h the solutions would be

expected to differ (the «'s are the only quantities in the two sets of equations

which are not identical}.

et Exaot Anisotropic Egquations Recipe Equationa
< ¥= 0.3900 ¥ - 0.3900
] 8+ 1.000 ¥+ 1

oy ¥+ 1.1258 §+ 1

%z ¥+ 1.1873 ¥+ 1

o% §+ 0.0414 8§+ 0.0414

osi ¥+ 1.3515 §+ 1.3515

oté g+ 1.41) §+ 1.3515

! ¥+ 1.4711 ¥+ 1.3515

We note that the quantities to which the caloulations are most senai=-
tive (uo,ul,dé,di) are oxactly right, while even the higher &'s (which are in the

nature of corrections themselves) are never very far off. In fact it is easily

shown that the equality found must bu true in goneral. Thus for the exact solu~

tion: oy = ¥ +op - Op = 7dp. But

g"'*u‘NcLAssmm
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This yields: o, = o, +0, +0g and
%z Y40, 40, +0p -0, == ¥ +o, + (lev)og

The recipe solution gives: d, = § = £, but in our units £ = (v-l)cf = o,
and 803 o, =¥ +op 4 (1-v)op -~ exactly the same as above.

For & the correct solution gives:

1
a4z Of =0y + ¥. oy = pag(e)dy  and
1 .
o = os(e)dip 4 op +0p. This leads to
1
o = ¥+op 40 + (1 - cos 8) og (8) d (cos ©)
or oty = Ero,, =¥8+1 (in our units).

This last is just the oLy given by the recips. Exactly similar considera-
tions prove that ag and ai are given correctly by the recipe. (This is, of course,
the well=known result of differential diffusion theory.)

From the table useful information as to the results that Qould be ob-~
tained with ¥'s greater than zero (i.e., multiplying medie) cen be estimated. It
can be‘seen that with increasing ¥ +the porcentage difference between the two
sets of constants decreases. This would indicate that for § > 0 it could be ex-
pected that the results obtained by the two methods would be even closer than
those found for ¥ = 0.

In concluding, the following remarks can be made. It is but slightly
rore trouble to include angular dependonce of the scattering cross section than

to leave it out. On the other hand, the simple recipe of substituting the transe

port cross section whenever the total cross section appears in the equations gives
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results that ars identiocal with the correct method for all practical purposes.
Certainly considering the accuracy with which other quantities invelved in
critical-mass calculations, such as cross sections, are known any error introe

duoced by using the simple recipe is completeiy nogligible.
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